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Mathematics in Rubik's Cube (L —F w232 —7 D #1EE)

Front.

Down

Left

F

D

Upper : Rotation to right
Lower : Rotation to left
Rot (+) : Whole rotation to right

Right R Rot (-) : Whole rotation to left
Cur (+) : Unticlockwise cycle
Cur (-): Clokwise cycle

Up U

Side: S
Midde: M
Even: E
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KRF(AI a2 T7—5)ENT

Commutators and Macros

A:-URur FrfR 0 face: E and then D
A" ulUL fL F1 4 faces: C and then + C'
1 face: D and then ++ E
B: rufU FR
C: TuRuru22R Inter: B"2LUIB*"2 RdR DRA*2
= Ly LY 1 P |
Cross: RLUM2rlfbU”2FB
D: ru RUL urURI
E: LrUlu RULul Cur+:R2usU”2S uR?2
Cur-:R2UsU2SURM
F: rfRbrFRB
G: brfRBrFR

S. Kusafusa ﬁ

http://imetrics.co.jp/opinion2/howdoyoufeel.pdf

http://imetrics.co.jp/mathemarics/Rubik's%20Cube.pdf
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Instructions with permutation group theory

Start with making a white cross with 4 white edge-pieces called dihedral adjacent to the white fixed
piece called identify permutation. Let the white immobile piece be the basis traditionally. After that,
put 4 corner-pieces (called trihedral) to right corner position as rotating 90 degrees x n times, then
align lateral with the same color on the 1st tier.

The next is the 2nd tier. Turn over the cube, and put the white face to bottom, make yellow fixed
piece top. Align four corner pieces of second layer by using permutation group method. Focus on 3
pieces to commutate each other. Commutator must be more 3 pieces. it is the same as the 15-slide
puzzle. First, put the same colored edge (a) above the same colored fixed piece, then commutate
with beside edge (b) of fixed piece using commutative macro A or A’ consists of 8 steps. (those are
mirror symmetry.) The rotate-shifted edge moves on to upper edge position (c) located the opposite
to the first edge. This macro rotates 3 edges as a -> b, b -> ¢, ¢ -> a. (it is due to permutation group
theory.) Up to here, you completed up to 2/3 tiers.

Now you can try to complete the last tire. As the same as the first tire, you have to make the cross
first using B commutative macro consists of 6 steps. (Ignore corner pieces.) Well, you have to
gather the same colored (yellow) pieces using macros such as C, C’, D, E repeatedly. Finally, align
corners and edges to right position respectively using PLL method on the 3 tier.

You may notice that all operations of 3 x 3 x 3 cube are made with even steps.

by Kusafusa
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KRF(AI a2 T7—5)ENT

Commutators and Macros

A-URur FrfR 0 face: E and then D
A" ul UL fL F1 4 faces: C and then + C'
1 face: D and then ++ E
B: rufU FR
C: ruRu ru2 R Inter: B*2LUIB*2 RdR DRA?2
C= LU LU L D22 1|
Cross: RLUM2r1fbU”2FB
D: ru RUL unrURI
E: LaxUlun RU Lauwl Cuac+R22nsU%225 n R*2
Cur-:R*?2UsU*2S URM
F: rfRbrFRB
G: brfRBrFR

S. Kusafusa ﬁ

http://imetrics.co.jp/academy/Rubik's%20Cube.pdf
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The PLL method on 3rd tier

] i
I “\\ \\ I 4 I v I
) | | | | .
pa .4 y A
/, [ A I . o, v I P l
R U S U2 R2 U S U2 R B R F2R R2 F2 R B R RBRBFRFUB
S U R2 S U R2 B R F2 R2 FRR B R RBRF U
'y 4 4 . R \\ l A 1L |
= ] *
F
v ) , ! l vy ;
———— | ——— - —— i
R L UR LU LRBRFRB UR UR D B2 RURUB D BD FRBRFRD
F B U F B LRBLFLB L2 U L2 D B2 B2 RB R BAR L'FLD2RB R
® ® ® |
s > - - t w 4 |
Il Il /lL |
> %
" A || N o :
FLULFLU FRURFRU B2 L U L B2 F2 L' U L F2 RURF LDUL
FUFUFL F FUFUFRF R DR D R? R DR D R U L2D L2U F2
| 4 1 1 4 l ‘ i £ i t
i ' ¥
& A - :ﬁ ]
FUBW FUFB LRW LRF U LRW LU'RF U BUFWBUF | LURWLURL
w L'RU2 L R B U2 FUB U2 BU FUB W RLRWLR URW LURU |

KREFFEIDZR DL DICEKRTRLTWSZ EITER

24




Appendix

Advanced methods

Sage #timY 7 b U 7 TERIEDIREE
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Bounds on Solving a Rubik’s Cube

The number of possible permutations of the squares on a Rubik’s cube seems
daunting. There are 8 corner pieces that can be arranged in 8! ways, each
of which can be arranged in 3 orientations, giving 3% possibilities for each
permutation of the corner pieces. There are 12 edge pieces which can be
arranged in 12! ways. Each edge piece has 2 possible orientations, so each
permutation of edge pieces has 2'? arrangements. But in the Rubik’s cube,
only % of the permutations have the rotations of the corner cubies correct.
Only % of the permutations have the same edge-flipping orientation as the
original cube, and only % of these have the correct cubie-rearrangement par-
ity, which will be discussed later. This gives:

(81-38.121.212)

— 4.3252- 10"
(3-2-2)

X ARIFI0ODI6ELEHN S, 10D 19FE(F1000R &EFD
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possible arrangements of the Rubik’s cube.

It is not completely known how to find the minimum distance between two
arrangements of the cube. Of particular interest is the minimum number of
moves from any permutation of the cube’s cubies back to the initial solved
state.

Another important question is the worst possible jumbling of the cube, that
is, the arrangement requiring the maximum number of minimum steps back
to the solved state. This number is referred to as “God’s number,” and has
been shown (only as recently as August 12 this year) to be as low as 22.!
The lower bound on God’s number is known. Since the first twist of a face
can happen 12 ways (there are 6 faces, each of which can be rotated in 2
possible directions), and the move after that can twist another face in 11
ways (since one of the 12 undoes the first move), we can find bounds on the
worst possible number of moves away from the start state with the following
“pidgeonhole” inequality (number of possible outcomes of rearranging must
be greater than or equal to the number of permutations of the cube):

12-11"1 > 4.3252. 10"

which is solved by n > 19.

The solution mathod we will use in class won’t ever go over 100 moves or so,

but the fastest “sBegedcubers’_’ use ab%}ﬂt 60.



4x4x4 Revenge

RENSE BV, AxdxaBEE 17—
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Step

Step?2

Step3

Ax4x4 Revenge D KB

&AL, I—F—&EIyIZFEELT EFEOITHOEY Y —IC2x2(R) &,
FOXEIC2x2(E)Z DK 5.

Fo2EmZ=AIEICL. 1TEOFLNMC2x2(F)E. FDEHEIC2x2(FR)ZE DL 5.
I5(C. ZOBAEIC2O(IR)EDL D E, FEocHEIE. BT, 2x2(F)ICH B,
SHEIDHRIC, 2x2HMNINTHIEUVWEEBICEF LS. RDRAT Y T\

2X2Ly IDRF )%, D >TWL.

HEMEDORT7 ) V4% o< D, HADI—F—%Z(EHIAHD
EEOIY YN, RPYVTDTETWSIY VE, 3x3CubeDELE
THtEDO Ty V=R A TWLL.

ZILT) XLEEF. RORTA K ZzER

BO2BORT I T ZKR LIS, RED2RFPRFPZIV VT - Z)ILTVX
LEFEST, INRTDIYVIDRT Y VT EERZD.

C DERPET. 4x4x4Revengeld. 3x3x3 Cube& A HE 3.
Licht> T ZD#&lFE. OLLK PLLTIERT .
fefeUs 22 TNNU T PMMEH D WIE2ERELZS. /NY T 8EBR

PIWTVXLZE>THERT 5.
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MNE R r : clockwise
R' r : anti clockwise
R2 : Rotate twice



RevengeX & 7))L 3 X L (Sage method)

<Making faces>

Rw U Rw' /Rw' F' Rw F/Rw U’ Rw K EEOAFINED>TWSZ & ICES

Y *EJ — 1\
(NEAZE>Y3a—hAY ) REESHE D (F. =T, ' %EEH
5 d2B2 dl2. VOX:d2FBd?2 AD (F. AEHRE
F:.d2 F'd2 (d2F'B2d?2) INSCZ PRI v 5 — @) D5 = 1R

WiF2FE X EHTEET 5 I & ZHER

<Paring edges>
FR'F'R
L'"FU'LF dRU'R"'d"’
*EBONBINEL>TWEZ EITEE
<The last two edges>

REFEEID & IWXFTRHRL " ZER

(VX L'FU'LF) Ao, NEAER

7 4= . . . INXZIEARAI(E > 7 —/) DT =B~
TirdREURTEO wid2FlZE £ EHTEET 32 xR
<Parity>

(Flip flop one edge = pure OP)
reB2U2 | U2r'U2r U2F2rF2 |['B2r2

(Two adjacent edges)

RURU r2U2r2Uw2 r2Uw2 U' R U R
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PLLUETABZTERIELSE LTH, BEFLELGSBVDTEITEL.
3x3x3D/IN) T 1 |&. E=XDEEIEBNICARERBAEBEICANBEDL D TWBESICRET S,

—7%. Revengellld—HHEDEY Y —E—X(REA)DEFEELEVWDTHZH S, BHELS
{. ParityN&WEXTHELETS. ULHULBHS. UENICE—RDAZKZL, TyIDOR7Y
VAR T I ETRIBRNICIERREEICRES.

XZDEEE(/NY T 1),
RTP VYT BEHVIEWRD
BERAENFEL L
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